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Adhesion-induced phase separation of multiple species of membrane junctions

Hsuan-Yi Chen
Department of Physics and Center for Complex Systems, National Central University, Chungli 32054, Taiwan

~Received 17 October 2002; published 26 March 2003!

A theory is presented for the intermembrane junction separation induced by the adhesion between two
biomimetic membranes that contain two different types of anchored intermembrane junctions~receptor-ligand
complexes!. The analysis shows that several mechanisms contribute to the phase separation of the membrane
junctions. These mechanisms include the following.~i! The elasticity of the membranes mediates a short-
ranged nonlocal interaction between the junctions due to the height difference between type-1 and type-2
junctions. This is the main factor that drives the phase separation.~ii ! When type-1 and type-2 junctions have
different flexibilities against stretch and compression, the ‘‘softer’’ junctions are the ‘‘favored’’ species, and
aggregation of the softer junctions can occur.~iii ! The thermally activated shape fluctuations of the membranes
also contribute to the phase separation by inducing another nonlocal interaction between the junctions and
renormalizing the binding energy of the junctions. The combined effect of these mechanisms is that when
phase separation occurs, the system separates into two domains with different relative and total junction
densities.

DOI: 10.1103/PhysRevE.67.031919 PACS number~s!: 87.16.Dg, 68.05.2n, 64.60.2i
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I. INTRODUCTION

Adhesion of membranes is responsible for cell adhes
which plays an important role in embryological develo
ment, immune response, and the pathology of tumors@1#. In
many cases, membrane adhesion in biological systems is
diated by the specific attractive interactions between com
mentary pairs of ligands and receptors which are anchore
the membranes@2#. At the same time, the adhesion betwe
multicomponent biomembranes or biomimetic membrane
also intimately related to domain formation@3–11#. When
the membrane adhesion is mediated by the specific lock-
key type of bonds between the anchored ligands and re
tors, i.e., intermembrane junctions~for simplicity, from now
on I shall use the termjunctions for these ligand-recepto
complexes!, adhesion-induced lateral phase separations h
been observed in many experiments in biomimetic syste
@3–5#. Theoretical models and Monte Carlo simulatio
@6–11# have also shown similar phase separation behavio
various systems.

So far, studies on adhesion-induced lateral phase sep
tion have focused on the case when the system has a s
type of junction. The presence of the glycol proteins a
chored in the membranes~i.e., repellers!, and the interplay
between generic interactions~for example, van der Waals, o
electrostatic interactions! and specific ligand-receptor inte
actions are believed to enhance this phase separation. H
ever, in biological systems membrane adhesion is often
diated by more than one type of junction, and the adhes
induced phase separation of the membrane junction
believed to play an important role in some biological pr
cesses. For example, a key event governing a mature
mune response whenT lymphocytes interact with antigen
present cells is the formation of immunological synapses.
immunological synapse is a patch of membrane adhe
region between aT cell and an antigen-present cell, whe
the TCR–MHC-peptide complexes aggregate in the ce
with a LFA-1–ICAM-1 complex rich region surrounds
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@12–14#. Since a complete understanding of the physi
mechanism behind this type of adhesion-induced phase s
ration of multispecies membrane junctions is still unava
able, in the present work I develop a theoretical model
study the equilibrium properties of such systems.

This paper is organized as follows. In Sec. II, I discus
coarse grained model for the adhesion of two membra
due to the formation of two types of junctions. To conce
trate on the effect of the differences between type-1 a
type-2 junctions, the glycocalyx and the generic interactio
between the membranes are not considered in this mo
Furthermore, I assume that the membranes are bound to
other due to the formation of the membrane junctions. He
I will not discuss another interesting problem of the unbin
ing transition. An approximate solution of this model whic
neglects the fluctuations of membrane-membrane dista
~the ‘‘hard membrane’’ solution! is studied in Sec. III. This
simplified solution already reveals several mechanisms
are important to the phase behavior of the system. For
ample, when type-1 and type-2 junctions have the same fl
ibility but with sufficiently large height difference, mem
brane adhesion induces a phase separation that is drive
the height difference of the junctions. In this situation t
membranes separate into a type-1-junction-rich domain a
type-2-junction-rich domain. On the other hand, when
junctions havedifferent flexibilitiesand the height difference
is not very large, membrane adhesion can induce an agg
gation of the ‘‘softer’’ junctions, i.e., the membranes separ
into two domains, both of which are rich in softer junction
The general situation is that both mechanisms contribute
the adhesion-induced phase separation. When phase se
tion occurs, the system separates into two domains with
ferent membrane-membrane distances because of the h
mismatch of the junctions, and thetotal numberof softer
junctions in the system is greater than thetotal numberof
stiffer junctions due to the effect of softer junction aggreg
tion.

The fact that the hard membrane solution assumes tha
©2003 The American Physical Society19-1
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membrane-membrane distance is a constant has negl
some interesting physics of the system. For example, an
teresting feature of the hard membrane solution is that w
phase separation occurs, the total junction density, i.e.,f1
1f2 (fa is the density of type-a junctions!, is the same in
domains that have different values of (f12f2)/(f11f2)
~the relative densities of the junctions!. However, when the
effects of nonconstant membrane-membrane distance,
the thermally activated fluctuations of the membranes
discussed in Sec. IV, this ‘‘interesting result’’ no long
holds. The fluctuation analysis in Sec. IV shows that, fi
the thermally activated membrane fluctuations renorma
the chemical potentials of the junctions, and effectively
duce the binding energies of the junctions. This chem
potential renormalization is less significant for the sof
junctions because they allow the membranes more free
to move. Second, the fluctuation analysis also reveals no
cal interactions between the junctions, which are media
by the membrane elasticity and thermally activated fluct
tions of the junction densities and membrane-membrane
tance. These interactions are not included in the sim
physical picture provided by the hard membrane solution.
a result of these effects, when phase separation occurs
mains with different values of (f12f2)/(f11f2) also
have different values off11f2. The fluctuation analysis
also shows that, when the hard membrane solution of
junction densities is small, or when the junctions are v
short or very soft, the membrane fluctuations are sufficien
large such that the present analysis cannot provide the c
plete physical picture for the system. This criterion sho
under what conditions one needs a numerical simulation
the model to provide a better picture of the physics in t
system. Section V summarizes this work. The Appendix d
cusses the details of the fluctuation analysis around the
membrane solution.

II. THE MODEL

To focus on the physics of adhesion-induced phase s
ration, I will not discuss the binding-unbinding transition b
only consider the case when the membranes are boun
each other due to the presence of the junctions. The syste
shown schematically in Fig. 1. The heights of the membra
measured from the reference plane~i.e., thex-y plane! are
denoted asz1(r ) andz2(r ), respectively, wherer5(x,y) is a
two-dimensional planar vector. There are two types of
chored receptors in membrane 1, and two types of anch
ligands in membrane 2. Type-a receptors (a is 1 or 2) form
specific lock-and-key complexes with type-a ligands; these
are the junctions that mediate the membrane adhesion.
density of type-a junctions atr is fa(r ), and the densities o
free type-a receptors and ligands atr are denoted bycRa(r )
and cLa(r ), respectively. The binding energy of a type-a
junction is denoted byEBa .

The effective Hamiltonian of the system can be written

H5E d2r H k

2
@¹2h~r !#21

g

2
@“h~r !#21 (

a51

2
la

2
fa~r !

3@h~r !2ha#22 (
a51

2

faEBaJ . ~1!
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The energy unit is chosen to bekBT. Here h(r )5z1(r )
2z2(r ) is the membrane-membrane distance atr . The first
and second terms on the right hand side are the ben
elastic energy and surface tension of the membranes.k is
related to the bending moduli of the membranes byk
5k1k2 /(k11k2) @15#, andg is related to the surface ten
sion of the membranes byg5g1g2 /(g11g2) @15#. In this
simple model it is assumed thatk andg are independent o
the densities of the receptors and ligands anchored in
membranes. I also assume that in the presence of a typa
junction, the interaction energy between the membranes
quires a minimum ath5ha ~the natural height of a type-a
junction!, and the coupling term(a51

2 (la/2)fa(r )@h(r )
2ha#2 comes from the Taylor expansion around this mi
mum. Herela is the flexibility of a type-a junction against
stretch or compression. The last term on the right hand s
is the binding energy between the receptors and the liga
To focus on the effect of adhesion-induced interactions
have neglected all the direct interactions between the ju
tions, receptors, and ligands. The nonspecific interactions
tween the membranes are also neglected. For simpli
from now on I further choose the unit length in thex-y plane
to beAa, wherea is the in-plane size of an inclusion, and th
unit length in thez direction is chosen to beAa/k[ l 0. Thus
the Hamiltonian of the system can be expressed in the n
dimensional form,

H5E d2r H 1

2
@¹2h~r !#21

G

2
@“h~r !#21 (

a51

2
La

2
fa~r !

3@h~r !2ha#22 (
a51

2

faEBaJ , ~2!

where G5g l 0
2 is the dimensionless surface tension,La

5lal 0
2 is the dimensionless junction flexibility, and all in

plane lengths and heights are scaled byAa and Aa/k[ l 0,
respectively.

FIG. 1. Schematic representation of the system. The memb
heights arez1(r ) andz2(r ) from the reference plane. There are tw
types of receptors in one membrane and two types of ligand
another membrane. Two types of junctions can be formed from
ligands and receptors. They have different natural lengthsh1 and
h2. In general, different types of junctions also have different fle
ibilities. The softer junctions can be easily stretched or compres
from their natural length.
9-2



nc
b

ee

p

d
th
n

co

,

he
o

ea
To

c

b
n

y

n
. To

q.
ble
t

m.
in
ard

e

ase

n in

ase
n
two

ich
xi-
as

oth
he
are
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The effective interaction free energy between the ju
tions due to the membrane-junction coupling is obtained
integrating overh(r ),

Fc@fa#52 lnS E D@h#e2H[h,fa] D . ~3!

Thus, in the spirit of density functional theory, the total fr
energy of the system is provided by

F5Fc1Fs , ~4!

where

Fs5 (
a51

2 E d2r @fa~r !~ ln fa21!1cRa~r !~ ln cRa21!

1cLa~r !~ ln cLa21!# ~5!

is the contribution from the entropy of the junctions, rece
tors, and ligands. Here I have assumed thatfa!1, cRa
!1, and cLa!1. In principle, onceFc is calculated, the
equilibrium distribution of the junction density is determine
by minimizing the total free energy of the system under
constraint that the total numbers of the receptors and liga
in the system are fixed, i.e.,

E d2r $fa~r !1cRa~r !%5NRa ,

~6!

E d2r $fa~r !1cLa~r !%5NLa ,

hereNRa andNLa are the total numbers of type-a receptors
and ligands in each membrane when the membrane are
pletely detached.

III. ‘‘HARD MEMBRANE’’ SOLUTION

Since the integral in Eq.~3! cannot be carried out exactly
in this section I discuss an approximate solution in whichfa
andh(r ) are independent ofr . In this approximation,Fc can
be easily calculated by looking for the saddle point in t
integrand. This is equivalent to neglecting the fluctuations
the membrane-membrane distance, therefore I call this m
field approximate solution the ‘‘hard membrane’’ solution.
simplify the notation, I defineL65L16L2 , f65(f1
6f2)/2, and leth15h02nh , h25h01nh . Thus the hard
membrane solution of the membrane-membrane distance
be expressed by

h5h02
L2f11L1f2

L1f11L2f2
nh[h02 l M . ~7!

Notice thatl M depends on the junction densities. After su
stituting h back to the Hamiltonian, the effective interactio
free energy between the junctions,Fc , can be expressed b
its saddle-point value
03191
-
y

-

e
ds
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f
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Fc5E d2r H L1f11L2f2

2
~ l M

2 1nh
2!

1~L2f11L1f2!l Mnh2~E1f11E2f2!J ,

~8!

whereE65EB16EB2. It is clear that there is an interactio
between the junctions due to the membrane adhesion
minimize the total free energy under the constraints in E
~6!, it is convenient to work in the grand canonical ensem
and define the free energyG of the system under constan
chemical potentials,

G5Fc1Fs2(
a

mRaE d2r ~fa1cRa!

2(
a

mLaE d2r ~fa1cLa!. ~9!

The chemical potentials,mRa , mLa are determined by fixing
the total number of receptors and ligands in the syste
However, for convenience I will proceed the discussion
the grand canonical ensemble. After some straightforw
algebra,G is expressed as

G5E d2r f1$g~f!12~ ln f121!2m1%1Gc , ~10!

where

g~f!52
nh

2

2
L1

~l1f!2

11lf
1~11f!ln~11f!

1~12f!ln~12f!2m2f

[ f ~f!2m2f, ~11!

l[L2 /L1 , f[f2 /f1 , and m65(mR11mL1)6(mR2
1mL2)1EB16EB22(nh

2/2)L6 . Gc includes terms that
only depend oncRa andcLa , they are decoupled from th
other terms, hence from now on I neglectGc . From Eq.
~10!, it is clear that in the hard membrane solution the ph
behavior of the junctions is governed bynh

2L1 , l, and
m6 . Minimizing g(f) leads to the equilibrium value off,
and later I will show that there can be a phase separatio
f. On the other hand,f1 is determined bydG/df150.
From Eq.~10!, f1 can be expressed by

f15exp@ 1
2 m12 1

2 g~f!#. ~12!

Because in equilibriumf is determined by minimizing
g(f), g(f) takes a single value even when there is a ph
separation inf. Therefore in the hard membrane solutio
f1 is single valued even when the system separates into
domains with different values off. This is a natural result of
the approximation in the hard membrane solution in wh
all spatial correlations are neglected. Since in this appro
mation the ‘‘spreading pressure’’ of the two-dimensional g
of junctions is the same as an ideal gas@16#, the equilibrium
condition requires that total junction density the same in b
phases. In the following section I will show that, when t
effects of fluctuations around the hard membrane solution
9-3
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HSUAN-YI CHEN PHYSICAL REVIEW E67, 031919 ~2003!
taken into account, the analysis reveals a renormalizatio
the binding energy of the junctions and~nonlocal! interac-
tions between the junctions which are mediated by the m
brane elasticities and thermally activated membrane fluc
tions. As a result, these spatial correlations modify
spreading pressure of the junctions such that it is not
same as the simple ideal-gas relation, and the true equ
rium solution off1 is not single valued in the regime whe
phase separation happens. Thus, the fact thatf1 is single
valued in the hard membrane solution is an artifact of
approximation that assumes constant junction densities
membrane-membrane distance.

Now I discuss the hard membrane solution off. To em-
phasize different roles played bynh

2L1 andl, I begin the
discussion with the special case whenl50, i.e., when both
types of junctions have the same flexibility. In this case
important parameter of the theory isnh

2L1 , andg(f) has a
very simple form

g~f!52
nh

2L1

2
f21~11f!ln~11f!1~12f!ln~12f!

2m2f. ~13!

This form is exactly the same as the Flory-Huggins the
for binary mixtures @17#, where phase separation occu
when nh

2L1.2 and the phase coexistence curve is
straight line atm250. This phase coexistence curve ends
a critical pointm250, nh

2L152. The physics in this spe
cial casel50 is clear: the difference in junction heigh
drives a phase separation, and this separation only oc
when the factornh

2L1 , a combination of junction heigh
difference and junction flexibility, is sufficiently large. O
the phase coexistence curve, the system separates
f1-rich andf2-rich domains, and the system is symmet
underf→2f.

Next I discuss the more general caselÞ0, i.e., the junc-
tions have different flexibilities. Figure 2 shows the shape
g(f) with different values ofm2 when l50.2 andnh

2L1

51.998. Notice that this is the case whennh
2L1,2, i.e.,

there is no phase separation ifl50. Nevertheless, Fig. 2
clearly shows thatg(f) has two local minima, both at nega
tive f, and phase coexistence occurs whenm2'20.4045.
Since this is the case whenl.0, i.e., type-2 junctions are
‘‘softer’’ than type-1 junctions, double minimum atf5f1

FIG. 2. The shape ofg(f) with different values ofm2 when
l50.2, andnh

2L151.998. Solid line,m520.404; dashed line
m520.4045; dash-dotted line,m520.405. Phase coexistence o
curs atm'20.4045 even thoughnh

2L1,2.0.
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2f2,0 means that the softer junctions tend to aggreg
when phase coexistence occurs, a domain with highf2
2f1 coexists with a domain with smallf22f1. For the
choice of parameters in Fig. 2, the density of type-2 jun
tions is higher than the density of type-1 junctions in bo
domains.

Another effect of nonzerol can be seen in Fig. 3, wher
g(f) for different values ofl is shown atnh

2L152.04
.2. It shows thatg(f) is symmetric inf when l50 but
asymmetric inf for nonzerol, i.e., the symmetry underf
→2f no longer exists when the junctions have differe
flexibilities. Comparing tol50 case, in the case whenl
.0, the minima ofg(f) are shifted towards smallerf val-
ues, i.e., the softer junctions are easier to be formed. No
that different from the example in Fig. 2, in Fig. 3 whe
phase coexistence occurs the membranes separate
f1-rich andf2-rich domains, but the softer junctions~in this
case type-2 junctions! are the ‘‘favored’’ species, i.e., the
total number of the softer junctions in the system is grea
than the total number of the stiffer junctions. From these t
examples of nonzerol, I conclude that in general the exper
mentally observed junction separation induced by membr
adhesion is actually a result of the combined effect of
aggregation of softer junctions and the separation of
junctions due to the mismatch of junction heights.

In the neighborhood ofnh
2L152, l50, the equilibrium

value of f is small compared to unity, therefore the pha
diagram of the system in this regime can be studied by
pandingg(f) aroundf50,

g~f!5r 2f21r 3f31r 4f42m̃2f1const.1O~f5!,
~14!

r 2512
nh

2

2
L1~12l2!2,

r 35
nh

2

2
L1l~12l2!2,

FIG. 3. g(f) in the phase coexistence for different values ofl
with nh

2L152.04. Solid line,l50; dashed line,l50.025; dash-
dotted line,l50.05. l50 curve is symmetric aroundf50, l
.0 curves shows that the positions of the minima are shifted
wards smallerf values, i.e., softer junctions are the favored sp
cies.
9-4



s

nc

n

ce
rv
of

e
li-

ed
tin
si
o
c-

s
ion
. If

s,
ara-
the
the

sys-
e

in

hich
mal
fol-
nd
ne

ctua-
er-
ced

m-
ne-
fails
rac-

in
gle
rs.

on I
nce
the
ing

ex-

n

nd

on
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r 45
1

6
2

nh
2

2
L1l2~12l2!2, ~15!

m̃25m21
nh

2

2
L1l~22l2!,

const.5
nh

2

2
L1l2,

and O(f5) is the contribution from terms of orderf5 and
higher. The phase diagram in the neighborhood ofnh

2L1

52, l50 is plotted schematically in Fig. 4, where the pha
coexistence curve forl50 ends at a critical pointnh

2L1

52, m250, and the end points of the phase coexiste
curves for lÞ0 occur at the triple root of]g/]f50.
Straightforward calculation leads to the position of the e
points of the phase coexistence curves at

nh
2L152~129l2/4!1O~l4!,

~16!
m2522l1O~l3!.

This shows how the smallest value ofnh
2L1 above which

phase separation can occur decreases as the differen
junction flexibilities increases. The phase coexistence cu
move towards thel50 phase boundary as the value
(nh

2/2)L1 increases. This is because as (nh
2/2)L1 in-

creases, the effect of junction height mismatch becom
more important, and the difference in the junction flexibi
ties becomes less important.

Although the hard membrane solution is a very simplifi
analysis of the model, it nevertheless, reveals interes
physics of the phase separation due to membrane adhe
First of all, the height difference between different types
junctions is not the only factor that is important for the jun

FIG. 4. Schematic representation of the phase coexiste
curves nearnh

2L152 for l!1 for l50 ~thick solid line!, l
56l1 ~thick short-dashed lines!, andl56l2 ~thick long-dashed
lines!. l1.l2.0. The thin dashed curve is the position of the e
points of the phase coexistence curves; this is given bynh

2L1

'2(129l2/4), m2'22l. The curves move towards thel50
phase boundary asnh

2L1 increases because the effect of juncti
height mismatch becomes more important.
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tion distribution. It is only when the flexibilities of both type
of junctions are the same that the difference in the junct
height is the most important factor in the phase separation
the system consists of junctions with different flexibilitie
the softer junctions are more favored, and the phase sep
tion is a result of the interplay between the aggregation of
softer junctions and the separation of the junctions due to
height difference. Therefore, the smallest value ofnh

2L1

above which phase separation can occur is smaller for
tems with largerulu. However, the approximations in th
hard membrane solution neglect the spatial correlations
the system, this lead to the result thatf1 is the same in both
domains when phase separation occurs. The analysis, w
includes the elasticity of the membranes and the ther
fluctuations around the hard membrane solution, in the
lowing section will show that the membrane elasticity a
thermally activated fluctuations modify the hard membra
solution, and the true value off1 is not the same in both
phases when phase separation occurs. Thus, thermal flu
tions have to be considered in order to gain the full und
standing of the nature of the membrane-adhesion-indu
interactions between the junctions.

IV. BEYOND ‘‘HARD MEMBRANE’’ SOLUTION

As mentioned in the preceding section, the hard me
brane solution neglects the effects of nonuniform membra
membrane distance and junction densities, and therefore
to take the effects of membrane-mediated nonlocal inte
tions between the junctions into account. This is reflected
the fact that the hard membrane solution predicts a sin
valuedf1 in both domains when phase coexistence occu
To study these membrane-mediated effects, in this secti
include the fluctuations of membrane-membrane dista
and junction densities by expanding the free energy of
system around the hard membrane solution. In the follow
I denote the true membrane-membrane distance as

h~r !5h01 l M1d l ~r ![hM1d l ~r !, ~17!

and the densities of the junctions are expressed by

fa5faM1df~r !. ~18!

Hered l , dfa are the deviations of the true values ofh and
fa from their hard membrane solutions,faM andhM are the
hard membrane solution offa(r ) andh(r ), respectively. In
this expansion, the coarse-grained Hamiltonian can be
pressed as

H5HM1H01H11Hf , ~19!

whereHM is H(hM ,f1M ,f2M),

H05E d2r $ 1
2 ~¹2d l !21 1

2 G~¹d l !21@ l M~L1df11L2df2!

1nh~L1df12L2df2!#d l % ~20!

includes terms that are bilinear ind l anddfa ,

ce
9-5
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HSUAN-YI CHEN PHYSICAL REVIEW E67, 031919 ~2003!
H15
1

2E d2r ~L1df11L2df2!~d l !2 ~21!

is the nonlinear coupling betweend l anddfa , andHf in-
cludes terms that are linear indfa .

First I discuss the contribution fromH0, i.e., the Gaussian
fluctuations around the hard membrane solution. In t
Gaussian approximation,Fc has acquired two correctio
terms that can be expressed by

2
1

2 (
q

ln
2p

q41Gq21m1

2(
q

u l Mdm1~q!1nhdm2~q!u2

q41Gq21m1

, ~22!

for convenience I have definedm65L1f1M6L2f2M , and
dm65L1df16L2df2. The first term is independent o
dfa , therefore I neglect it in the rest of the discussion. T
second term is a membrane-mediated nonlocal interac
between the junctions. This interaction has two character
lengths:m1

21/4 is the distance it takes for a perturbation
membrane-membrane distance to relax back to its hard m
brane solution due to the membrane bending rigidity, ano
length isG21/2, for lengths greater thanG21/2 the elasticity
of the membrane is dominated by the surface tension of
membrane, and the contribution from the bending rigidity
negligible. In the rest of this paper, I focus on the case w
G,Am1, in which the membrane bending rigidity is th
dominant effect that drives a perturbation inh back tohM ,
thus the contribution from surface tension of the membra
is negligible. To understand the nature of the nonlocal in
action, it is convenient to transform the second term to r
space. Calculations in the Appendix show that, whenG
,Am1, the second term in the real space has the form th
derived in Eq.~A3!,

FIG. 5. Membrane-mediated interaction revealed by the Ga
ian approximation. This interaction comes from the bilinear co
pling betweend l and dfa . ~a! A small region that has highe
density in the junctions with greater natural height~or lower density
in the junctions with smaller natural height! induces a positived l .
Two regions with positived l can reduce the bending elastic ener
of the membranes by moving close to each other. Similarly, a reg
with negatived l attracts another region with negatived l due to the
cost of membrane bending energy.~b! A small region with positive
d l repels a region with negatived l because of the bending elast
energy cost of the high-curvature region between them.
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2E d2r E d2r 8
nh

2

8pAm1

G~ ur2r 8um1
1/4!

3F S 12
m2

m1
DL1df1~r !2S 11

m2

m1
DL2df2~r !G

3F S 12
m2

m1
DL1df1~r 8!2S 11

m2

m1
DL2df2~r 8!G ,

~23!

whereG(x) is a MeijerG function @18#. G(x) is vanishingly
small for x>5. Equation~23! shows that this membrane
mediated interaction is attractive between junctions of
same type, and repulsive between junctions of differ
types. This interaction is short ranged with a characteri
length m1

21/4. Also notice that the contribution fromH1 is
proportional tonh

2 , i.e., there is no membrane-mediated i
teractions in the level of Gaussian approximations when
junctions have the same height. The physical picture of
interaction can be seen from Fig. 5. A small perturbation
the junction density from the hard membrane solution
duces a deviation of membrane-membrane distance f
hM , and there is a membrane bending energy associated
any given distribution of nonuniform membrane-membra
distance. To reduce the bending energy, a region with p
tive df1(2) attracts a region with positivedf1(2) in order to
reduce the elastic energy cost of a ‘‘pit’’ or a ‘‘bump’’ be
tween these two regions due to the nonuniformh(r ). Simi-
larly, a region with positivedf1 repels a region with positive
df2, in order to reduce the bending energy cost due to
high curvature configuration between these two regions. T
also explains the fact that these interactions vanish w
both types of junctions have the same height, i.e.,nh50. A
similar kind of membrane-mediated nonlocal interaction b
tween the junctions is discussed in the celebrated pape
Bruinsma, Goulian, and Pincus@19#, where in their ‘‘van der
Waals regime,’’ the competition between the potential mi
mum due to the van der Waals interaction between the m
branes and another potential minimum due to the stiff me
brane junctions results in a strong interaction between
junctions. Although there are only one type of junctions
the system discussed in Ref.@19#, the interaction between th
junctions in Ref.@19# and the present case share the sa
physical mechanism, i.e., the bending elasticity of the me
branes mediates this interaction.

Another type of nonlocal interactions between the jun
tions can be studied by considering the effect of nonlin
couplings betweend l and dfa . This is done by including
the contributions fromH1 perturbatively to one-loop order
The resulting effective interaction free energy between
junctions,Fc , now has the form

Fc5FM1FG1Floop1Hf , ~24!

whereFM is the hard membrane solution ofFc , FG is the
contribution from terms that are bilinear ind l anddfa , and
Floop is the contribution from the nonlinear couplings b
tweend l anddfa to one-loop order. The details of the ca
culations forFloop are discussed in the Appendix. WhenG
,Am1, the result~up to terms quadratic indfa) is provided
by Eqs.~A5!, ~A7!, and~A9!,
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Floop5
1

16Am1

E d2r ~L1df11L2df2!

2
1

16Am1

E d2q

~2p!2

1

q414m1

3uL1df1~q!1L2df2~q!u2. ~25!

Here the first term is a ‘‘renormalization’’ of the chemic
potentials of the junctions due to membrane fluctuatio
This term effectively reduces the binding energies of
junctions. The fact that the renormalization of the chemi
potential for the softer junctions is less significant compa
to that for the stiffer junctions is because the membrane fl
tuations are energetically less costly for the softer junctio
The second term is a fluctuation-induced nonlocal interac
between the junctions, and higher-order terms are neglec
Notice that, as discussed in the Appendix, the second ter
Eq. ~25! is actually an approximate form of the much mo
complicated true result; it provides the correct asympto
behavior of the true result at large and smallq limits in the
case whenG,Am1. Similar to the case of Gaussian a
proximation, when the fluctuation-induced interaction b
tween the junctions is expressed in real space, one finds
the interaction between the junctions is nonlocal, sh
ranged, and has a characteristic length on the order ofm1

21/4.
Since Floop is nonvanishing even whennh50, it is clear
that the thermal fluctuation of the membrane-membrane
tance is the mechanism that induces the nonlocal interact
between the junctions inFloop . This is similar to, but not the
same as, the interaction between the junctions in the ‘‘H
frich regime’’ discussed in Ref.@19#. In Ref. @19#, the inter-
action between the junctions in the Helfrich regime com
from the collisions between the membranes. Here in the o
loop calculation the interaction between the junctions com
from the fluctuations of the membrane-membrane dista
around the hard membrane solution; the effect of membr
collisions is not included.

When the fluctuations around the hard membrane solu
are taken into account to one-loop order, the total free ene
of the system to second order indfa can be expressed by

G5FM1E d2q

~2p!2 S (
a51

2
1

2faM
udfa~q!u2D

2E d2q

~2p!2

nh
2

q41m1

US 12
m2

m1
DL1df1~q!

2S 11
m2

m1
DL2df2~q!U2

2
1

16Am1

E d2q

~2p!2

1

q414m1

uL1df1~q!

1L2df2~q!u21
1

16Am1

E d2r ~L1df11L2df2!.

~26!
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Here the first term on the right-hand side is the hard me
brane solution, the second term comes from the entropy
the junctions, the third term is the nonlocal interaction b
tween the junctions due to Gaussian fluctuations, the fou
and the fifth terms come from the nonlinear couplings b
tween d l and dfa . Notice that the contribution fromHf
does not appear in the total free energy of the system
cancels with the linear terms in the expansion of the entr
of the junctions. This is becausefaM minimizes the hard
membrane free energy, therefore in the expansion around
hard membrane solution, terms that are linear indf cancel
each other. The contribution from one-loop calculation, ho
ever, includes terms that are linear indfa because they
come from the nonlinear couplings betweendfa andd l . An
important consequence of the presence of these terms is
in general, the equilibrium values ofdf1 anddf2 are non-
zero due to the membrane fluctuations. Therefore whe
phase separation occurs, the values off11f2 are different
in domains with different values off.

To discuss the correction offa andh(r ) due to the ther-
mally activated fluctuations, it is convenient to express E
~26! as

G5FM1E d2r @dm1df1~r !1dm2df2~r !#

1(
ab

E d2q

~2p!2
Mab~q!dfa~q!dfb~q!, ~27!

where

dma5
La

16Am1

,

M11~q!5
1

2f1M
2

nh
2

q41m1

S 12
m2

m1
D 2

L1
2

2
1

16Am1

L1
2

q414m1

,

~28!

M22~q!5
1

2f2M
2

nh
2

q41m1

S 11
m2

m1
D 2

L2
2

2
1

16Am1

L2
2

q414m1

,

M12~q!5M21~q!5
nh

2

q41m1

F12S m2

m1
D 2GL1L2

2
1

16Am1

L1L2

q414m1

.

Now dfa(q) can be expressed bydma andMab ,
9-7
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df1~q!1df2~q!5d~q!3
21

2 detM
$~M222M21!dm1

1~M112M12!dm2%,
~29!

df1~q!2df2~q!5d~q!3
21

2 detM
$~M221M21!dm1

2~M111M12!dm2%,

where detM5M11M222M12M21. This rather complicated
expression shows that, besidesm2 , l, andnh

2L1 , the an-
swer to the question of which domain has higher total ju
tion density when the phase coexistence occurs also dep
on the values ofnh

2 andfaM ~to determinefaM , one needs
to know the value ofm1). In this paper I shall not discus
the details of the values off11f2 for different given pa-
rameters in the theory, but simply comment that when deM
is positive, the phase diagram of the hard membrane solu
is not modified by the thermal fluctuations. However, wh
detM,0, the hard membrane solution is not stable at a
finite temperature. The result in Eq.~29! also provides some
criteria for the current analysis. For example, when the fl
tuations are large, the deviation from hard membrane s
tion can no longer be treated by perturbation theory. Thi
true whendfa /fa;O(1). Since dfa becomes large for
small detM , which occurs at smallm15L1f1M1L2f2M ,
I conclude that the perturbation theory breaks down at sm
junction densities. Finally, I point out that the collisions b
tween the membranes are also neglected in the present a
sis. This approximation is valid when the fluctuation
membrane-membrane distance is not large, i.e., when

A^~d l !2&0

hM
5S E d2q

~2p!2

1

q41m1
D 1/2

1

hM

'
1

4m1
1/4hM

<O~1!. ~30!

In the regime where m1
1/4hM5(L1f1M1L2f2M)1/4hM

<O(1), i.e., when the junction densities are small, or t
when junctions are very soft, or when the junctions are v
‘‘short,’’ the contributions from membrane collisions shou
be taken into account for a complete analysis of this syst
Thus, when the membrane fluctuations or the membrane
lisions become important, numerical simulations@20# or
other methods that take the full membrane fluctuations
account should be applied to study the physics of this s
tem.

V. SUMMARY

I have discussed the phase separation of multiple spe
membrane junctions induced by membrane-membrane a
sion with a continuum theory. In the hard membrane appro
mation, where the membrane-membrane distance and j
tion densities are assumed to be constants, I find thatnh

2L1

and l are the important parameters that govern the ph
03191
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ds
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separation. Whenl50, both types of junctions have th
same flexibility, and the phase separation is driven by
height difference of the junctions. Under this condition t
phase separation is very similar to the Flory-Huggins the
for a binary mixture. Phase separation occurs whennh

2L1

.2 andm250, the phase coexistence curve ends at a c
cal point m250, nh

2L152. When lÞ0, the junctions
have different flexibilities, and the softer junctions are eas
to form than the stiffer junctions. Therefore the softer jun
tions have a tendency to aggregate. In this more general c
the height difference and the junction flexibility differenc
both drive the phase separation, thus the phase separ
can occur atnh

2L1,2.
The Gaussian fluctuations around the hard membrane

lution reveals a membrane-mediated nonlocal interaction
tween the junctions. This interaction is short ranged, wh
decays with a characteristic length (L1f1M
1L2f2M)21/4. It is attractive between the same type
junctions, but repulsive between different types of junctio
The strength of this interaction is proportional tonh

2 , and it
is due to the membrane bending energy cost between reg
with different junction densities. Perturbation theory to on
loop order shows other effects of thermal fluctuations, t
includes a renormalization of the chemical potential of t
junctions, which effectively reduces the binding energies
the junctions, and a nonlocal interaction between the ju
tions which is independent ofnh . The fact that the contri-
bution from one-loop calculation is nonvanishing even wh
junctions of type-1 and type-2 have the same height indica
that this contribution is a result of thermal fluctuations of t
membranes. Hence it is nonvanishing at all finite tempe
tures. The current analysis also shows that when perturba
theory holds the thermal fluctuations do not modify the ha
membrane phase diagram, they only modify the equilibri
junction densities in each phase. However, when the con
bution from one-loop calculation becomes very large,
hard membrane solution is qualitatively incorrect, and
effect of thermal fluctuations is a dominant factor. This c
occur at very low junction densities. The Gaussian fluct
tions of the membrane-membrane distance also provide
other limit of the present analysis: the mean squared fluc
tions of the membrane-membrane distance should be s
compared tohM . As a result, the analysis in this paper do
not provide the complete physical picture of the system
very soft or very short junctions, either.

In summary, mean field and fluctuation analysis of
simple coarse grained model for adhesion-induced ph
separation of multiple species of membrane junctions is s
ied in this paper. This model shows rich behaviors that c
ture much of the physics of multispecies membrane junct
separation induced by adhesion. I show that not only
difference of junction height, but also the difference of jun
tion flexibilities, and the membrane-mediated interactio
between the junctions play important roles in the phase se
ration. The fluctuation analysis also shows that current an
sis does not provide the complete physical picture for s
tems with very soft or very short junctions, or in the situati
when the junction densities are extremely low, where
thermally activated membrane fluctuations or the Helfr
repulsion between the membranes become important inte
9-8
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tions in the system@19#. In this regime, numerical simula
tions @7,20# should provide valuable information on the di
tribution of the junctions, as well as a complete picture of
phase diagram, which includes the binding-unbinding tran
tion between the membranes, and adhesion-induced p
separations.
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APPENDIX

In this appendix, I discuss the details of some calculati
mentioned in the text. For simplicity I define

dm1~r !5L1df1~r !1L2df2~r !,
~A1!

dm2~r !5L1df1~r !2L2df2~r !.

First, an integral that is very useful for the rest of this app
dix is calculated:

E d2q

~2p!2

A~q!B~2q!

q41m1

5E d2r E d2r 8E d2q

~2p!2

A~r !B~r 8!eiq•(r2r8)

q41m1

5E d2r E d2r 8
1

Am1

3E
0

` dx

2p

xJ0~xur2r 8um1
1/4!

x411
A~r !B~r 8!

5
1

8pAm1

E d2r E d2r 8G~ ur2r 8um1
1/4!A~r !B~r 8!,

~A2!

whereG(x) is a MeijerG function @18#. Also,

G~x!'H p, x!1

0, x>5.

The shape ofG(x) is plotted in Fig. 6.
Now I consider the nonlocal interaction between the ju

tions in the Gaussian approximation. Neglecting the fi
term of Eq.~22!, the second term can be expressed by
03191
e
i-
se

r
e

s

-

-
t

FG52(
q

u l Mdm1~q!1nhdm2~q!u2

q41Gq21m1

52E d2q

~2p!2

u l Mdm1~q!1nhdm2~q!u2

q41Gq21m1

'2E d2r E d2r 8
nh

2

8pAm1

G~ ur2r 8um1
1/4!

3F S 12
m2

m1
DL1df1~r !2S 11

m2

m1
DL2df2~r !G

3F S 12
m2

m1
DL1df1~r 8!2S 11

m2

m1
DL2df2~r 8!G ,

~A3!

where the last expression holds whenG,Am1, and the in-
tegral in Eq.~A2! is used to calculate the Fourier transfo
mation from the momentum space to the real space.
range of this membrane-mediated interaction between
junctions is determined by the shape ofG(x), which sets the
length scale of this interaction tom1

21/4.
Next I show that the interaction between the junctions d

to the contribution ofH1 is of the form in Eq.~25!. The
effective interaction free energy between the junctions is

Fc52 lnF E D@h#e2HM2H02H12HfG
5HM1Hf2 lnF E D@d l #e2H02H1G . ~A4!

When the contribution ofH1 is included by a one-loop cal
culation,

Fc5HM1Hf1FG1^H1&02 1
2 ~^H1

2&02^H1&0
2!

[FM1FG1Floop1Hf . ~A5!

Here

FIG. 6. The shape of the MeijerG function G(x). Although
G(x) oscillates very weakly, and has a local minimum close tox
55, the important feature ofG(x) is that this function is vanish-
ingly small whenx>5.
9-9
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FM5HM , FG52 lnF E D@d l #e2H0G ,
and

^O&05

E D@d l #Oe2H0

E D@d l #e2H0

~A6!

for anyO. The calculation of̂H1&0 is straightforward, which
in the caseG,Am1 leads to
D.

s

r.

03191
^H1&05
1

2E d2r @L1df1~r !1L2df2~r !#^@d l ~r !#2&0

5
1

2 S E d2q

~2p!2

1

q41Gq21m1
D @L1df1~r !

1L2df2~r !#'
1

16Am1

E d2r @L1df1~r !

1L2df2~r !#. ~A7!

Terms of higher order thandfa
2 have been neglected. Th

calculation for^H1
2&0 is longer but also straightforward,
d, the
he

.
een
^H1
2&05

1

4E d2r E d2r 8^d l ~r !d l ~r !d l ~r 8!d l ~r 8!&0dm1~r !dm1~r 8!

5
1

2E d2q

~2p!2E d2q8

~2p!2

1

q841Gq821m1

1

~q1q8!41G~q1q8!21m1

udm1~q!u21^H1&0
2 . ~A8!

Again, terms of higher order thandfa
2 are neglected. When the contribution from the surface tension can be neglecte

following form provides a good approximation of^H1
2&02^H1&0

2 @21#. This form gives the correct asymptotic behavior of t
true result at large and smallq limits,

^H1
2&02^H1&0

2'
1

8Am1

E d2q
udm1~q!u2

q414m1

5
1

64pAm1
3 E d2r E d2r 8G@ ur2r 8u~4m1!1/4#@L1df1~r !1L2df2~r !#

3@L1df1~r 8!1L2df2~r 8!#. ~A9!

Putting^H1&0 and^H1
2&02^H1&0

2 together leads to the resulting expression ofFc in the one-loop order, which is given in Eq
~24! and Eq.~25!. The real space form of^H1

2&02^H1&0
2 also shows that the membrane fluctuation induced interaction betw

the junctions is short ranged with a characteristic length on the order ofm1
21/4.
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